Motivated by recent realizations of spin-1 NaRb mixtures in the experiments, here we investigate heteronuclear magnetism in the Mott-insulating regime. Different from the identical mixtures where the boson (fermion) statistics only admits even (odd) parity states from angular momentum composition, for heteronuclear atoms in principle all angular momentum states are allowed, which can give rise to new magnetic phases. Various magnetic phases can be developed over these degenerate spaces, however, the concrete symmetry breaking phases depend not only on the degree of degeneracy, but also the competitions from many-body interactions. We unveil these rich phases using the bosonic dynamical mean-field theory approach. These phases are characterized by various orders, including spontaneous magnetization order, spin magnitude order, singlet pairing order and nematic order, which may coexist, especially in the regime with odd parity. Finally we address the possible parameter regimes for observing these spin-ordered Mott phases.
Ultracold atoms in optical lattices provide an unique and versatile platform for simulating interesting models in condensed matter physics and quantum optics [1] , including the Bose-Hubbard (BH) model [2] , FermiHubbard model [3, 4] , Dicke model [5] , topological Haldane model [6] and toric code model [7] etc. These endeavors have greatly enrich our understanding of manybody physics, especially about their spatial correlations, fluctuations, topological transitions and even their nonequilibrium dynamics. By selecting two hyperfine states from a 2j + 1 manifold, where j = k or k + 1 2 (k ∈ Z), it is possible to realize the ferromagnetic (FM) and antiferromagnetic Heisenberg models in the deep Mott-insulating regimes with bosonic or fermionic atoms (see recent evidences [3, 4] ), which are cornerstone for magnetic phases in solid materials. Going beyond this general scenario to the regime with strong interactions, large spins and even long-range interactions [8] are possible with ultracold atoms [9] [10] [11] , which will exhibit intriguing features rarely seen or hardly accessible in solid materials.
In optical lattices, the large spin manifold can be realized either by atoms with large j in alkaline-earth atoms or by considering two or more small spin identical atoms [12] [13] [14] [15] . For instance, two identical spin-1 bosons can form a composite spin-2 bosons from angular momentum composition. The corresponding ground-state space is five-fold degenerate (angular momentum F = 2 with degree of degeneracy g = 2F + 1 = 5) or singlet (F = 0 and g = 1) since only even parity states are allowed for bosonic statistics. By contrast, for two identical fermions, only the odd parity states are allowed due to Pauli exclusive principle, thus F = 1. In both cases, the rotational symmetry for identical particles ensures that the effective spin models should only allow the isotropic Heisenberg term (direct product of two spins) and their powers.
In this Letter we mainly focus on heteronuclear magnetism in the Mott lobes in a three dimensional (3D) optical lattice. The absence of identity restriction admits both even and odd parity quantum states, which can give rise to new magnetic phases. We are motivated by recent experimental realizations of NaRb heteronuclear atoms in Wang's group [16] [17] [18] , in which collision induced spin exchange between heteronuclear atoms is observed. We investigate the ground-state spin structures using the bosonic dynamical mean-field theory (BDMFT) approach. We find that the spin structures are not merely determined by ground-state degeneracy, but also their many-body competitions, which induce different types of symmetry breaking magnetic phases. Various phases in the deep Mott-insulating regime are unveiled, including the spin-singlet insulator (SSI), nematic insulator (NI), cyclic (C) phase, and different types of FM phases. These phases are characterized by a unique order parameter or by coexisting of several different order parameters. We even find an intriguing paired FM (pFM1) phase with F = 1, in which the nematic, ferromagnetic and singlet pairing orders coexist. Finally we discuss the possible experimental observation of these magnetic phases in the whole Mott-insulating regime.
Model and Degeneracy. Under the single mode approximation [19] [20] [21] [22] [23] , the 3D lattice can be described by the following generalized BH model (see details in Ref. 24) ,
′ m /U m ≪ 1 and U β,γ /U α ≪ 1, but these ratios can be tuned via microwave [25, 26] or optical Feshbach resonances [27] [28] [29] [30] [31] [32] [33] [34] . Notice that U β describes the interactions between heteronuclear atoms, and is essential for heteronuclear spin exchange during collision, as shown in Ref. [16] [17] [18] . We stress that this model possesses both features of FermiHubbard model [35] [36] [37] and spinor BH model [38] , due to the allowed odd and even parities.
Magnetism is formed from the super-exchange interaction between the neighboring sites, which can induce direct coupling between all the quantum states in the degeneracy space. For this reason, it is instructive to firstly understand the ground-state degeneracy in each site by setting t m = 0. Our calculated results are presented in Fig. 1 . When each site contains two heteronuclear spin-1 atoms (n = 2), the angular momentum coupling rule for heteronuclear atoms allows all the possible angular momenta F = 0, 1, 2, with corresponding on-site degeneracy 
These boundaries are independent of U ′ m . When three atoms (n = 3) are occupied in each site, the two identical bosonic atoms admit only even angular momenta, and then the angular coupling between between heteronuclear atoms yields F = 1, 2, 3 and F = 1, with corresponding g = 3, 5, 7 and 3, respectively. The phase boundaries in Fig. 1(b) are determined as,
where ∆ = 81U ′2 + 81U The phase diagrams in Fig. 1 are necessary, but not sufficient to understand the magnetic phases. In following we investigate these phases using the bosonic DMFT, which captures all the local quantum fluctuations exactly [39] [40] [41] [42] [43] [44] [45] [46] . This method has been successfully applied to investigate the possible exotic magnetisms and superfluids in various models, including two-component spin-orbit coupled BH models [47] , the spinor BH models [39] . The reliability of this approach has been compared against the quantum Monte-Carlo simulations [48] . See more details about this approach in Ref. 24 . 
Phase diagrams from BDMFT. The calculated magnetic phases from BDMFT are presented in Fig. 2 . These phases are characterized by various on-site order parameters [49] , including superfluid order φ
2 and singlet pairing order φ
The criteria for these different phases are summarized in Table I . These orders have also been adopted in other spinor BH models [50] [51] [52] . In these orders, the magnetization M measures the spontaneous breaking of symmetry from a degenerate subspace to one of them with M = F . In the uniform phase without this symmetry breaking, M = 0. To characterize the possible mixing between different degenerate manifold, we define P = F ′ (F ′ + 1) (see Fig. 3 , and F ′ = F without mixing). The hidden high-order correlations between the multispin states should be detected by φ αβ the relative phase locking between spin components. We remark here that these order parameters are not orthogonal to each other, thus they may coexist in certain phases. Away from the Mottinsulating regime, the superfluid order φ 1 αm is nonzero. With these order parameters, we characterize the whole phase diagrams for n = 2 and n = 3.
For n = 2 [ Fig. 2 (a)], we find five different competing phases in the U γ − U β plane. According to Fig. 1 , the SSI phase marks the regime when F = 0 and g = 0, thus the system is simply in the spin singlet insulating (SSI) phase. The spontaneous magnetization can be found when F = 2 and g = 5, which is denoted as FM2.
The phase boundary between SSI phase and FM2 phase is well described by the change of degree of degeneracy at 3U γ = U β < 0 [see Eq. (2)]. The regime with odd parity (F = 1) is most intriguing, due to the possible existence of the cyclic (C) and the ferromagnetic (FM1) phase, which can be tuned by the interaction strengths, although all these phases are created from the same degenerate manifold. Between the C phase and SSI phase, we also find a narrow regime for nematic insulating (NI) phase. While the NI phase has been widely investigated in the spin-1 bosonic particles, we find that this phase Order parameters is greatly suppressed in our model. Since in our simulations we have essentially considered an infinite system, the small regime for the NI phase should not be attributed to finite-size effects. The experimental regime to observe the NI phase will be discussed in more details in Fig. 4 .
The order parameters as a function of interaction strengths are presented in Fig. 3(a) and (b) for U γ /U 1 = 0.025 and −0.05 respectively, which represents attractive and repulsive interactions between the atoms. In the FM2 phase, we find the total magnetization M = 2. With the increasing of U β /U 1 , a transition from FM2 phase to FM1 (for U γ > 0) and SSI phase (for U γ < 0) is expected. In the former case we find the magnetization drops from 2 in FM2 phase to 1 in FM1 phase. In the SSI phase, we find that only the singlet pairing order is nonzero with φ . We find that, the NI phase appears in a small parameter regime between the C and SSI phases, as shown in Fig. 3(a) , where the singlet pairing order and nematic order coexist simultaneously with vanishing magnetism. We remark here that the existence of the singlet pairing order (φ 3 p = 0) is consistent with our single particle analysis, as shown in Ref. 24 , and that nematic order φ 2 αβ is not presented in Fig. 3 to simplify the figure, which is also nonzero for the NI phase.
The phase diagram for n = 3 is presented in Fig. 2(b) , which is totally different from the phase diagram in Fig. 2(a) . In the regime when F = 3 and g = 7 , we observe the spontaneous magnetization phase with M = 3 (denoted as FM3 phase), while in the regime with F = 2 and g = 5, we find the similar magnetization phase with M = 2 for FM2. Between the FM3 and FM2 phase we find a broad mixed phase (MX) due to the coupling between the g = 5 and g = 7 degenerate manifolds with closed energies. The similar regime can also be found for n = 2 in Fig. 2(a) , but this mixed regime is much smaller. Again, the most intriguing regime is for F = 1 and g = 3, in which the NI phase and paired FM phase, which is now denoted as pFM1 phase, can be realized. We can understand these phases from the evolution of order parameters as a function of U β /U 1 in Fig. 3(c) and (d). In the NI phase, we find that the nematic order and singlet pairing order coexist, whereas all these three orders coexist in the pFM1 phase (see the materials in Ref. 24 , where we prove that φ 3 p is nonzero only in the regime with F = 1 and g = 3). Note here that we observe a second-order transition from the NI to the pFM1 phase.
The above interesting phases mainly occur in the regime for bosonic particles with odd parity, thus cannot been seen in identical bosonic particles. The whole phase diagrams for heteronuclear atoms are also totally different from the phase diagrams with identical atoms [51, 52] . For instance, in two identical atoms, only the C phase can be found in the regime of the FM1 phase with on-site degeneracy g = 3. For three identical atoms, the cyclic and trimer phases appear, instead of paired FM1 (pFM1) and anti-paralleling FM2 phases (FM2) in the parameter regime studied here. These observations highlight the unique features of heteronuclear mixtures.
Mott to superfluid transitions. We now ask the general question that how and where these phases can be found in experiments. Away from the deep Mott-insulating regime, which is frequently encountered in experiments, quantum fluctuations become more and more important with the increase of tunneling amplitudes; until finally the tunneling dominates in the superfluid regime with φ 1 αm = 0 (see definition in Table I , and magnetism of weakly interacting bosons can be found in Ref. [19] [20] [21] [22] [23] . These fluctuation effects can be naturally included in our BDMFT approach.
Our calculated Mott to superfluid transition is presented in Fig. 4 for different filling factors. The calculated diagrams depend strongly not only on the tunneling t m , but also on the values of U α,β,γ and U ′ m . All these spin orders are stable against quantum fluctuations in the Mott-insulating lobes. Phase separation may be found in the n = 1 lobe when the two heteronuclear atoms have large difference in tunneling amplitudes and interaction strengths; otherwise, we will find the FM1 or C phase. In the n = 2 lobe, we find the SSI, NI and FM2 phases in different parameter regimes. Especially, we find that it is possible to drive the SSI into the NI phase by tuning the tunneling amplitude [see Fig. 4(a),(d) ]. While in Fig. 2(a) , the NI phase can only be observed in a narrow parameter regime, here we find that this phase can be found in a wide parameter regime by controlling the system parameters. In the n = 3 lobe, we find the pFM1 and FM3 phases, while the FM2 phase should be found in other system parameters. These observations demonstrate the experimental observability of the novel magnetic phases predicted in Fig. 2 .
We finally discuss the experimental relevance of our theory. Recently, heteronuclear mixtures of spinor 23 Na and 87 Rb bosonic gases have been realized in an optical dipole trap [17] , and quantum phases of homonuclear spinor 23 Na gases in optical lattices explored by overcoming the heating problem induced by the long-time thermalization [53, 54] . For this reason, in Fig. 4(a),(c),(d) we have adopted the experimental parameters U β and U γ for these two atoms, and U 2 α < U 1 U 2 to avoid phase separation. All parameters in the generalized BH model can be tuned independent, for example, the many-body interactions may be tuned via microwave [25, 26] or optical Feshbach resonances [27] [28] [29] [30] [31] [32] [33] [34] . The microscopic structure of these phases maybe detected using Bragg scattering [55] or optical birefringence [56, 57] . The gapped spin-singlet insulator has a nonzero gap to all excitations, which can be measured by Bragg scattering, and ferromagnetic phases has a nonzero local spin polarized to a certain direction, which can be measured via spin-dependent lightatom interactions through dispersive birefringent imaging [56, 57] . Recently, the spin nematic order in spinor gases was directly measured via a study of the magnetization noise after spin rotation [58] .
To conclude, we show that for heteronuclear atoms, the angular momentum composition allows both even and odd parity states even for bosonic atoms, which can give rise to new exotic magnetic phases in the odd parity regimes. We address this issue via the bosonic dynamical mean-field theory approach and map out the complete phase diagrams as a function of many-body interaction strengths, focusing on the n = 2 and n = 3 Mott lobes. These phases are characterized by magnetization order, nematic order, singlet pairing order and spin magnitude order, which are not only determined by the on-site degeneracy, but also the competitions from many-body interactions. Their possible relevant regimes and parameters are also presented.
SUPPLEMENTARY MATERIAL EXTENDED BOSE-HUBBARD MODEL
A spinor bosonic gas in an optical lattice is a mixture of hyperfine states of the same isotope. They system can undergo transitions between macroscopically occupied hyperfine states due to spin-exchange collisions, but it as a whole is in the ground state. For a system of bosonic gases with hyperfine spin f , for example, the spin-dependent interactions can be written in the second-quantized form:
where P F ≡ m |F, m F F, m F | is the projection operator, |F, m F is the total hyperfine spin state formed by two atoms each with spin f , M a the atomic mass, and a F is the s-wave scattering length in the channel of total spin F . The spin-dependent interactions can also be written in the form of spin operators [S1] . For example, for two identical spin-1 atoms, it can be expressed as:
where
3 , and S i is the spin operator of the ith atom with spin-1. For two heteronuclear spin-1 atoms [S2] , however, the interactions take this form:
with α = Following the standard derivation for ultracold spinor gases, the many-body Hamiltonian for a system of heteronuclear mixtures of spin-1 condensate takes the following form [S3] :
whereΦ mσ (x) is the field annihilation operator for the m species (m = 1, 2) in the hyperfine state |1, σ at point x.
We assume a deep optical lattice potential, and consider only the lowest energy band in the following. We also assume that the Wannier function of the lowest energy band ω mσ (x − x i ) is well localized in the ith lattice site. Expanding a field operator by Wannier functions of the lowest energy band,Φ mσ (x) = i b imσ ω mσ (x − x i ), Eq.( S4) reduces to a tight-binding Bose-Hubbard model for heteronuclear mixtures of spin-1 bosons in an optical lattice, and the corresponding Bose-Hubbard model under the single-mode approximation [S4] can be written as:
where b † imσ (b iσ ) is the bosonic creation (annihilation) operator of hyperfine state m F = σ for species m = 1, 2 at site i, n im = σ n imσ with n imσ ≡ b † imσ b imσ being the number of particles, 
1,2 − g
1,2 being the s-wave scattering length in the total spin s = 0 and 2 channels for species 1 and 2, M 1,2 the atomic mass, and ω 1,2 (r − r i ) the Wannier function of the lowest energy band localized at the ith lattice site. The last three terms describe inter-species interactions with U α = (g (1) 12 + g
12 − g
12 )/2 dr|ω 1 (r − r i )| 2 |ω 2 (r − r i )| 2 , and U γ = (2g
12 − 3g
12 )/2 dr|ω 1 (r − r i )| 2 |ω 2 (r − r i )| 2 , where
12 /M µ with a (s) 12 being the s-wave scattering length in the total spin s = 0, 1 and 2 channels.
WAVE FUNCTIONS FOR n = 2 AND n = 3
Effective Hamiltonian, eigenvalues and eigenvectors
We first consider two heteronuclear atoms trapped in a single site, which is described by 
The eigenvectors and eigenvalues for the above Hamiltonian can be decoupled into three sectors F = 0, 1, 2. We find for F = 2, E F =2,g=5 = U α + U β , and the wave functions are 
For F = 0, E F =0,g=1 = U α − 2U β + U γ , the wave function is unique, and we have
Notice that the above wave functions are not normalized.
Next we consider the case with two identical atoms (m = 1) and one heteronuclear atom (m = 2), therefore n = 3. The Hamiltonian can be written as
We may represent the basis as |s,
, where A is the normalization constant. Moreover, we denote |2 s ; σ = |s,
. Then the Hamiltonian can be represented as,
The above Hamiltonian can be decoupled into four sectors with F = 1 I , 1 II , 2, 3, with corresponding eigenvalues as
For E F =3,g=7 , we find the wave functions are 
For E F =2,g=5 , we find the wave functions are
For F = 1, the eigenvalues depends strongly on the value of U γ , and so is their eigenvectors. These wave functions are too complex to be presented here. However, when U γ = 0, they will take some simple form as following, For E F =1I,g=3 , we find the wave functions are
For E F =1II,g=3 , we find the wave functions are
To investigate quantum phases of binary mixtures of spinor Bose gases loaded into a cubic optical lattice, described by Eq. (S5), we establish a bosonic version of dynamical mean-field theory on the generic three-dimensional situation, and implement a parallel code to tackle the six-spin system with a huge Hilbert space. As in fermionic dynamical mean field theory, the main idea of the BDMFT approach is to map the quantum lattice problem with many degrees of freedom onto a single site -"impurity site" -coupled self-consistently to a noninteracting bath [S5] . The dynamics at the impurity site can thus be thought of as the interaction (hybridization) of this site with the bath. Note here that this method is exact for infinite dimensions, and is a reasonable approximation for high but finite dimensions.
BDMFT equations
In deriving the effective action, we consider the limit of a high but finite dimensional optical lattice, and use the cavity method [S5] to derive self-consistency equations within BDMFT. The effective action of the impurity site up to subleading order in 1/z is then expressed in the standard way [S5, S6] , which is described by: 
Here, we have defined the Weiss Green's function (being a 12 × 12 matrix),
and introduced
as the superfluid order parameters, and
as the diagonal and off-diagonal parts of the connected Green's functions, respectively, where . . . 0 denotes the expectation value in the cavity system (without the impurity site). Note here that G 
Anderson impurity model
The most difficult step in the procedure discussed above is to find a solver for the effective action. However, one cannot do this analytically. To obtain BDMFT equations, it is better to return back to the Hamiltonian representation. Here, the effective action, described by Eq. 
σ + H.c. ,
